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^ Abstract: Soft Collinear Effective Theory (SCET) is an effective field theory which de- 

scribes the interactions of low invariant mass jets which are highly boosted with respect to 
one another. In the standard formulation of SCET, the effective Lagrangian for collinear 
fields is expanded in inverse powers of the energy. At leading order this leads to manifest 



D decoupling of soft and collinear degrees of freedom; however, subleading terms in the ef- 

r"', fective Lagrangian violate this manifest decoupling. In this paper we point out that the 

collinear expansion in the SCET Lagrangian is unnecessary, and that the SCET Lagrangian 

^ may instead be written as multiple decoupled copies of QCD. The interactions between the 

^^ sectors in full QCD are reproduced in the effective theory by an external current consisting 

QQ of QCD fields coupled to Wilson lines. We illustrate this picture with two examples: dijet 

^'j production and B — t- Xg'^. 
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1. Introduction 

Soft-Collinear Effective Tlieory (SCET) [1, 2, 3, 4, 5, 6] describes the interaction of low 
invariant mass jets of particles which are highly boosted with respect to one another. 
SCET is an expansion in inverse powers of the highly boosted energy. At leading order 
in the SCET expansion, a field redefinition may be used to manifestly decouple the soft 
and collinear degrees of freedom from one another at the operator level [4]. Interactions 
between different soft and collinear sectors are reproduced in the currents of the effective 
theory by lightlike Wilson lines. This simplification is the basis of factorization theorems in 
SCET, allowing differential cross sections to be written as convolutions of independent soft 
and collinear pieces. While factorization theorems have been well-studied using traditional 
QCD approaches, the manifest decoupling of soft and collinear pieces at the level of the 
Lagrangian in SCET both dramatically simplifies the study of factorization theorems, and 
allows power corrections in inverse energy to be studied in a systematic way. 

In standard formulations of SCET [1, 2, 3, 4, 5, 6, 7], there is an inherent asymmetry in 
the treatment of soft and collinear degrees of freedom. While, for example, soft quark fields 
are identical to four-component QCD quark fields, collinear quark fields are described by 
two-component spinors with complicated nonlocal interactions. On general grounds, this 
asymmetry must be spurious: QCD is Lorentz invariant, and dimensional regularization 
is a Lorentz invariant regulator. One may therefore always boost to a reference frame in 
which the energy of the collinear fields is small, and the collinear quark fields are described 
by four-component QCD fields. Thus, the SCET description of collinear fields must be 
equivalent to that of full QCD. 

This is not a new observation. It was observed in [6] that the Feynman rules of 
collinear SCET fields are equivalent to those of QCD in light-cone quantization [8], and 



this equivalence has been used to simpUfy calculations in the collinear sector of the theory 
[1, 2, 9]. In [10], it was formally proven at leading order in power corrections that SCET 
is equivalent to multiple copies of QCD coupled to Wilson lines when the field redefinition 
of [4] is used to decouple soft from collinear fields. However, beyond leading order the 
approach was less clear. 

In this paper, we argue that this picture may be extended to all orders in the SCET 
expansion. We show that the soft and collinear sectors of SCET may individually be de- 
scribed by a separate copy of the full QCD Lagrangian, and that these sectors are decoupled 
from one another to all orders in the SCET expansion. The interactions between the sec- 
tors in full QCD are reproduced by the interactions between the individual sectors and 
the external current, which consists of QCD fields coupled to Wilson lines. In particular, 
soft-collinear mixing terms in the Lagrangian do not arise in the theory; their effects are 
accounted for by subleading corrections to the external current, whose form is similar to 
that of subleading twist shape functions [11, 12]. 

In order to motivate this picture, we derive the subleading operators for two specific 
phenomena; e'^e~ — >• dijet production and B — )• Xg^. In Sec. 2 we review the standard 
derivation of SCET. In Sec. 3.1 we present our approach for dijet production at leading 
order, while in Sec. 3.2 we derive the new subleading operators for dijet production. In 
Sec. 4 we present a similar analysis for B — ?• Xg^, and in Sec. 5 we present our conclusions. 

2. Label SCET Formulation 

In the approach to SCET introduced in [1, 2, 3, 4, 5], collinear fields are described by 
effective two-component spinors, ^ri,p, where n denotes the (lightlike) direction of motion, 
p is a label which denotes the large components of the collinear momentum, 

r = n-p—+p'i (2.1) 

and the collinear quark momentum is p'* = p^^-\-k^. We will refer to this approach as "label 
SCET" to denote the removal of the large label momentum, and to distinguish it from the 
approach of [6, 7], in which label momentum was not removed, but the collinear quarks 
were still treated as two-component spinors. The SCET Lagrangian for the collinear quark 
field is obtained by integrating out the two small components of the field and expanding 
in powers of A^ ~ k^ jfi ■ p. This procedure results in the effective Lagrangian for the 
n-collinear quark 

£5 = Cf^ + Cf^ + Cfj + ..., (2.2) 

where the superscript refers to the suppression in A [6, 7, 13, 14, 15, 16]. The leading order 
term CiJ is 






p,p' 



in-D + ip^Wn^-^Wlip^ 



2^n,p (^-JJ 



where the covariant derivative D^ = d^ — igT"'^a^ ^^ — ^s + ^n contains both soft and 
colhnear gluons, Dn only contains n-cohinear gluons, Wn is a Wilson line built out of 
collinear An fields in the n direction, and the "label operator" V^ pulls down the large 
label momentum of the collinear fields. The subleading operator ClJ describes higher 

order corrections to the interactions in CiJ , while the subleading operator Cl is the 
leading operator which couples collinear and soft quarks. Performing the field redefinitions 
on collinear quark and gluon fields [4] 

e„,Mx) = yi=^)(x,oo)ei°J(x) 
AZ{x) = Y('^'^\x,oo)A^^^^''ix), (2.4) 

where Yn are Wilson lines built out of soft Ag fields defined below, it may be shown that 
all dependence on soft gluons disappears from the leading order Lagrangian (2.3), so soft 
and collinear fields manifestly decouple at leading order in SCET. The collinear and soft 
lightlike Wilson lines in position space are defined as 



YJi^\x,y) = Pexpl-igj' " dsn • ^^(x + ns)r^ J (2.5) 



where R labels the SU{?>) representation.* Under a gauge transformation, the Wilson lines 
transform as 

WW(X,2/) ^ wW(x)VFW(x,y)^Y(^)t(y) 
yW(x,y) ^^W(x)Ki^)(x,y)^Wt(y) (2.6) 

where Uc^s is either a collinear or soft gauge transformation for representation R. Note 
that Wn (x, y) = Wn {y, x), and similarly for Yn , and that Wn (x, y) and Yn (x, y) 

/■p\ (Ti) 

correspond to colour charge R propagating from y to x. Also note that Wn and 1^ 
couple the n and n components of the corresponding gluons, respectively; this notation is 
used to be consistent with the SCET literature. 

At leading order, performing the field redefinitions (2.4), the current for dijet produc- 
tion in the full theory 

J^^^ = e-^Q-^- i;{x)Tij{x) (2.7) 

(where T is an arbitrary Dirac structure and Q is the external momentum) may be written 
in the factorized form in the effective theory 

jf) = e-Q- ct^^(x)t^i=')(x,oo)yi^)t(^,^)ry^(3)(^^^)^(3)t(^^^)^W^(^) (2.8) 
where the Wn and Y^s are lightlike Wilson lines defined analogously to (2.5). Label 

(3) 

momentum conservation is enforced at each vertex. The collinear Wilson line Wn arises 



*In the SCET literature [4], the fundamental Wilson lines (R = 3) are typically denoted by W and Y, 
and the adjoint Wilson lines (R — 8) are denoted by W* and y'', where a,b = 1, . . . , 8. 



from integrating out the interactions of n-coUinear fields with n-colhnear fields and similarly 

(3) 

for Wfi . Each sector is therefore decoupled at leading order and described by QCD fields 
coupled to Wilson lines. 

In this form it is manifest that all interactions between the different sectors occur 
via Wilson lines, as was formally shown in [10]. The redefined quark fields ^^^^ do not 
transform under soft gauge transformations, so the soft fields only couple to the Wilson 
line Y. Physically, this corresponds to the fact that soft fields cannot deflect the worldline 
of a highly energetic quark, and so they only see the direction and gauge charge of the 
collinear degrees of freedom (much the same way that in Heavy Quark Effective Theory 
[17], soft degrees of freedom only see the velocity and gauge charge of heavy quarks). 
Similarly, in a frame in which the n-collinear quark fields are soft, the soft and n-collinear 
fields are recoiling in the opposite direction; thus the n-collinear quark fields can only 
resolve the total gauge charge of the combined soft and n-collinear fields via the Wilson 
line Wn (and similarly for the n-collinear fields). 

At higher orders in the expansion, however, label SCET looks more complicated, and 
the operator decoupling is no longer manifest. In particular, interactions such as Ci , in 
which soft and collinear sectors couple directly instead of via Wilson lines [15], make the 
extension of the arguments in [10] to higher orders unclear. In the next section we show 
how the leading order picture can be easily extended, by reformulating the theory using 
QCD fields. 

Another formulation of SCET [6, 7] replaces the removal of label momentum with a 
multipole expansion in soft position. Our formulation of SCET more closely resembles this 
formulation than label SCET. However, we will diverge from the [6, 7] treatment of collinear 
quarks, which are two-component spinors giving mixed collinear-soft Lagrangian terms at 
subleading orders similar to label SCET. Also, the non-Abelian nature of SCET requires 
the introduction of a Wilson line R{x) [7]. Without the R Wilson line, soft transformations 
of collinear fields gives higher order in A pieces due to the soft and collinear fields being 
at different positions. The R Wilson line redefines the collinear fields so they transform 
homogeneously in A under soft transformations. However, after the field redefinition (2.4), 
collinear fields no longer transform under the soft gauge group, and the R Wilson line is 
not needed. In our formulation, soft and collinear fields are decoupled and each sector does 
not transform under the other so the R Wilson line will be unneeded. 

3. SCET as QCD Fields Coupled to Wilson Lines 

Despite the complexity of the leading order n-collinear Lagrangian (2.3) and the corre- 
sponding Feynman rules, it is equivalent to the QCD Lagrangian [10, 6]. This is not 
unexpected: as long as one is just describing soft fields or collinear fields in one direction, 
there is no Lorentz-invariant expansion parameter, and one could just as easily work in 
a frame where the energy is small, in which case it is obvious that there is no effective 
field theory description and QCD is the appropriate theory. The large boost of a collinear 
quark only has physical meaning when it is coupled to fields with large relative momentum 
via an external current, such as in e~^e~ — t- qqX or i? — )• Xg'f. The purpose of SCET is 



to describe the interactions in such situations between fields whose relative momentum is 
greater than the cutoff of the theory. 

We therefore begin with the starting point that in the absence of an external current, 
each sector (collinear in each relevant direction and soft) can be described by Cqcd, since 
QCD is Lorentz invariant. Therefore, the all-orders SCET Lagrangian is 



-CscET = 22 ^QCD: (3-1) 



where j runs over all relevant collinear directions. >Cscet then consists of a separate 
copy of the QCD Lagrangian for each sector, each with a separate gauge symmetry. All 
interactions between the different sectors will be described by the external current, which 
for dijet production takes the form 



^SCET _ -iQ-x-(n+n) 

Jo — e ^ 



^2°^of+^E^2"^or)+o(A^) 



(3.2) 



where Og is 0(1) and the Og s are 0(A), and we have pulled out the phase corresponding 
to the momentum of the external current. This is the only place the A expansion enters in 
this formulation of SCET. 

As discussed in the previous section, fields in one sector only resolve the direction 
and colour charge of fields in other sectors; hence, the sectors can only interact with each 
other via Wilson lines. The current ^2^^^""" therefore decouples into separately SU{3)- 
invariant pieces representing each sector, each of which describes QCD fields coupled to 
Wilson lines. At leading order the current O^ is equivalent to the usual leading order 
SCET current (2.8). The subleading operators O2 are constructed from Wilson lines 
with derivative insertions, in a similar manner as higher twist corrections to light-cone 
distribution functions [11, 12]. 

We will show that we can do this to subleading order for dijet and heavy-to-light 
currents with nonlocal operators. It will prove unnecessary to introduce large label mo- 
menta, since these are frame-dependent. Instead, we follow [1] and [6, 7] and implement the 
appropriate multipole expansion through the coordinate dependence of the currents. We 
first work out the leading order operators to illustrate our picture in the next section, and 
then describe the subleading corrections. We demonstrate that all such corrections may 
be accounted for by subleading corrections to the current, rather than direct interactions 
between the different sectors (such as the collinear-soft quark interaction term C^q). This 
is the principal result of this paper. 

3.1 Dijet Production at leading order 

Consider the process e^e~ — )• qqX, which contributes to dijet production. The external 
current carries momentum 

g^+,_ = Qy + Q-, (3.3) 

where Q is large compared to the invariant mass of the jets. The 0{as) graphs contributing 
to this process in QCD are shown in Fig. 1. 





Figure 1: QCD vertex for dijet production. In this and all other figures, the quark, antiquark and 
gluon momenta are denoted pi, p2 and q. 



The SCET expansion of a given graph depends on the relative scaling of the momenta: 
n-collinear momenta scale like pn ~ <5(A^, 1, A), n-collinear momenta like pn ~ Q(l, A^, A) 
and soft momenta like ps ~ Q{^^, A^, A'^)^. To match amplitudes onto SCET, we expand the 
relevant graphs with the appropriate scalings in powers of A, including the various energy- 
momentum conserving delta functions. In particular, the full theory energy-momentum 
conserving delta function is 

S^£u{Q;p)^S^^\Q>'^^^_-pn = 26iQ-p-n)6{Q-p-n)6^^Hp±) (3-4) 

where p^ is the four-momentum of the final state. Splitting p^ into n-collinear, n-collinear 
and soft momenta, 

P^=K+P^+P^ (3.5) 

and expanding in powers of A gives at leading order the SCET energy-momentum conserv- 
ing 6 function 

d 



^QCD 



iQ;p) 



.(4) 



'{Q;Pn,Pn)+Ps 



'9PnA 



4cBT(Q;Pn,Pn) + 0(A^ 



where 



4cet(Q; Pn,Pn) = 26{Q -pn-n)5{Q -pn-n) 5^^) (p„ 



+ PnA 



(3.6) 



(3.7) 



and the first term in (3.6) is 0(1) and the second is 0(A). Note that soft momenta are 
unconstrained by overall energy-momentum conservation in the effective theory. This ex- 
pansion differs from the label SCET derivation, which replaces (3.7) with label conservation 
Sp^p', and which conserves momentum exactly in the effective theory. Higher order terms 
in the expansion of (3.4) are accounted for by higher order corrections in SCET. 

The expansion (3.6) can be understood in calculations as expanding QCD phase-space 
in SCET momentum, where subleading phase-space effects are incorporated into the sub- 
leading current through the higher multipole moments. Such was the case when considering 
phase-space of jets at 0{X^) [18, 19]. 

We can write the external production current (3.2) in terms of four-component QCD 
spinors ipn and tpn. The leading order operator is 



0f(x) 



M^n)Pnrwi^Hxn,x^) Y^^\x^%0)Y^^\0,xT) Wr{x^,Xn)PnMxn 



riS), 



(3.8) 



^We use light-cone coordinates, where p'' = [p ■ n.p ■ n,pj_) and n ■ n — 2. 



(0) 



1 + 0{as). This has a similar form as (2.8), with the difference that the 



with C, 

colhnear fields are four-component spinors, and the positions of the fields 

{0,x-n,x±) x^ = (0, oo,x_l) 



r° 



(x • n, 0,x_l) x2° = (oo,0, x_l) 
= (0,00,0) xr = (oo,0,0). 



(3.9) 



are chosen to obtain the correct momentum conservation (3.7). Note the coordinate Xn 
conserves p ■ n momentum, and similarly for Xn- We have also defined the usual projectors 



Pn 



Pn 



(3.10) 



4 " 4 

so at leading order in A the external current (3.8) only couples to the large components 
of the external quark spinors. However, the collinear quark fields evolve via QCD, which 
couples all four components of the field. The one-gluon Feynman rules for Og ^^'^ shown 
in Fig. 2. The terms in each square bracket of (3.8) each transform under a separate 5C/(3) 



q,Q 





g, a. 
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n ■ q 



-igT" 



igT' 



n ■ q 



-igT'' 



n ■ q 



-,(0) 



Figure 2: Onc-gluon Feynman rules for O2 ■ The SCET energy-momentum conserving delta 
function (5scet has been omitted but is implied. Springs are soft gluons, springs with lines are 
collinear gluons, and solid lines arc fcrmions. Lines angled up are n-coUincar, angled down are 
n-coUinear, and horizontal are soft. The dashed lines represent the emission from a Wilson line. 

symmetry, corresponding to the various sectors of the theory-^ and represents a different 
decoupled sector giving the physical picture of Fig. 3, which we explain below. 

It is straightforward to show that the one-gluon matrix element of Og reproduces the 
QCD amplitude at leading order in A. The one-gluon amplitudes in Fig. 1 in QCD are 

(3.11) 

and 

-^ v{p2)ea{qWQ6 



iMa = -igT'^uiPi) ^^I^ T"^ r^fe)e;(g)4cD(Q;Pi +P2+q) 



2pi -q 



iMb = igT^u{pi)T- 



^QCD 



{Q]Pi+P2 + q) 



(3.12) 



2p2 • q 

where F is the Dirac structure of the external current. The corresponding leading order 
contributions in SCET comes from an n-collinear quark, n-collinear antiquark, and a gluon 
which is either soft or collinear, each of which gives a different result in SCET. 



* We ignore possible gauge transformations at cxj since we use covariant gauge, which is "regular" . For 
complications that arise in "singular" gauges, see [20] . In our formulation, the necessary extra Wilson lines 
should occur naturally in the matching. 





®: 



(a) n-coUinear (b) soft (c) n-coUinear 

Figure 3: Physical picture of O2 as seen in each of the three sectors. The dashed hnes represent 
Wilson lines and the solid lines represent fermions. 

We first consider the case in which the n-collinear quark emits an n-collinear gluon. 
Using the Dirac Equation 'pnu{pn) = to write 

u{Pn) = f 1 + ^1) PnU{pn) (3.13) 

and similarly for v{pn), it is straightforward to show that 

u{pi) {2p1 + 7°^) rv{p2) = u{pi) (2p? + 7"^) PnrPnv{p2) + 0(A) (3.14) 

so we can expand (3.11) as 

iMan = -igT^u{pi)^^l^^PnrPnv{p2)el{q)si''^^^{Q;pi + q,p2) + 0(A). (3.15) 
2pi -q 

With the projectors Pn now surrounding the Dirac structure F, this is precisely the ampli- 
tude in the effective theory for a q-q pair to be produced by Og i followed by the emission 
of an n-collinear gluon from the n-collinear quark through the usual QCD vertex. It is 
useful to compare this with the expression for the same graph in label SCET: 

\ n ■ pi n ■ [pi + q) n ■ pi n ■ [pi + q) 

i/i n- {pi+ q) 



^in,p2\k2)^n,qc 



«3 



, 2 n • (A:i + fca) n • (pi + q) + (p,^ + q^Y J ^"''' ' ^> "'«°^ 

X '5n-(pi+9),Q'^n-P2,Q'5o,pix+P2X+<2x<^^'^^(^l + ^2 + ^s) (3-16) 

where the first factor in parentheses is the collinear quark - collinear quark - collinear 
gluon vertex, the second is the collinear quark propagator in label SCET, and the ^ fields 
are two-component spinors. Some straightforward Dirac algebra shows that this is indeed 
equivalent to the expression (3.15); however, the more complicated Feynman rules of label 
SCET, arising from the fact that the collinear spinors are 2-component objects rather than 
4-component spinors obeying (3.13), makes the intermediate expression considerably more 
complicated. 

Expanding the amplitude in which an n-collinear gluon is emitted from an n-collinear 
antiquark, (3.12), in powers of A gives 

— Qf 

iM,,n = igT''^u{pi)PnTPnv{p2)e*^{q)6i''J^^{Q;pi + q,p2) + 0(A) (3.17) 

n • q 



where we have used the expansions 

2p2 • 9 = {P2 ■n){q- n) + O(A^) 
2p2 ■ e*{q) = {p2 ■ n)(e*(g) • n) + 0{\^). (3.18) 

In SCET, the n-colUnear quark does not couple to the n-colhnear antiquark directly, but 
rather to the Wilson line Wn (xn,x2°) in O2 i ^i^d this amplitude is reproduced in the 
effective theory by the graph in which the Wilson line emits the n-collinear quark. The 
interactions (3.15) and (3.17) of the n-collinear gluon is represented in Fig. 3(a) by a QCD 
quark field in the n direction and a Wilson line in the n direction. 

Similarly, the amplitudes in Fig. 1 are reproduced for n-collinear gluons in SCET by 
a gluon emitted from a semi-infinite n-collinear Wilson line W^ (xn,a;^), and the usual 
QCD Feynman rules for gluon emission, respectively. The n-collinear gluon interaction is 
represented in Fig. 3(c). 

Finally, the amplitude for soft gluon emission from the quark and antiquark lines is 
obtained by expanding the sum of the two previous graphs for soft gluon momentum, 

iMs = -igT^ f — - ^) n(pi)P„rP^r;(p2)4((?)4clT(Q;Pi,P2) + 0(A), (3.19) 
\n ■ q n ■ q J 

which is the amplitude for gluon emission from a fundamental and anti-fundamental Wilson 
line, Yn {x'^%0) and Y^ (0, x?"'') respectively, represented in Fig. 3(b). 

Thus, we have shown that Og as defined in (3.8) reproduces the leading order QCD 
qqg production amplitudes. In the next section, we will show how 0(A) operators arise as 
generalizations of Og and the physical picture of Fig. 3. 

3.2 Subleading Corrections to Dijet Production 

At leading order, the external current is written as a product of QCD fields coupled to 
Wilson lines. Higher order corrections to the current are therefore expected to have the 
same structure, but with insertions of derivatives and additional fields, in the same way 
that subleading twist shape functions and parton distributions are related to the leading 
order operators [11, 12]. Defining the external current to subleading order in (3.2) where 
the O2 s are 0(A), it is straightforward to determine the required operators O2 and 
coefficient functions Cg by carrying out the expansion of the previous section to higher 
orders in A. Starting with the emission of an n-collinear gluon, we can expand the QCD 
amplitudes (3.11) and (3.12) to 0(A): 

■(4) 



iM^a,b)n = -i9T''u{Pl)^ta,b)n<P2ya{Q)Si%T{Q;Pl + q,P2) + 0{X^) (3.20) 



where 



^(2pf + 7^ A"/^(n,pi) fl (2pf+7°^) # (A± + ^) ^p 

2pi-q " " n-{pi+q)2^^^ '" ^ 2pi ■ q 2 n ■ {pi + q) " 



(3.21) 



and 



ra 
bn 



n ■ q n ■ q 2 n ■ pi Q , 



where we have defined 



A"''(n,p)=5 



n • p 



and we have used the expansion 



>. 



4nq) = (n • g)^7;.xA-^(n, q)eUq) + O(A^) 

as well as the spinor expansion (3.13). The sum of the graphs is 

(2pf + 7°^) n"- 



(3.22) 
(3.23) 

(3.24) 



■*■ an ~r -*- bn 



2pi ■ q 



-P-TP- 



n 



-P-VP- 



1 



A'»'{n,q)P„T',,^^ + I (7! + |-;iii ) rP„ 



2pi • g 2 



(3.25) 



The first two terms of (3.25) are 0(1), while the remaining terms are 0{X), and are repro- 
duced in the effective theory by the operators 



Q(la„) 



Mxn)Pnrip±{xn)wi^\xn,x^)\ [yi=')(x~^o)Fi^)(o,x^o 



o. 



(lfe„) 



Mxn)yp±ixn)TWi^\xn,x^) Y^'\x^%0)Yr{0,xr) 



Wi^\x^,Xn)PnMXn) 



where the covariant derivatives are defined in the usual way 



(3.26) 



(3.27) 



to only couple the corresponding gluon fields to n-collinear, n-collinear, and soft quarks, 
respectively. The one-gluon Feynman rules for these operators are given in Fig. 6. The last 
term in (3.25) corresponds in the effective theory to a gluon emitted from the n-collinear 
quark leg via >Cqcd after the insertion of the subleading operator O2 " ■ From (3.25), we 
find C^^""^ = -1 + 0{as) and C^^^"^ = 1 + 0{as). 

We can perform a similar expansion for soft gluon emission. Expanding the amplitude 
(3.11) for soft momentum q^, including the multipole expansion (3.6), gives 



iMc 



-igT- 



u{pi)PnTPnV{p2 



n" 



n ■ q 



l + q'^ 



d 



dp 



i± 



+ 



n 



2Q n ■ q 



u{pi) {ili)l±TPn + PnXi)2±i) V{p2) 



+ ;^^^A"^(n,g)) (3.28) 
Q n ■ q 



.(4) 



eUqWMQ;pi,P2) + oix' 
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The second line in (3.28) is reproduced in the effective theory by Oj " i followed by emission 
of a soft gluon off the soft Wilson line Yn, and so has already been accounted for. The 
term proportional to A°'^(n, q) requires the introduction of the operator 



q{1c„.) 



(x) 



fOO 

-t I dt 

'0 



Mxn)Pnri'5''^Wl^^\xn,X^) 



(3.29) 



yi=^) (C^ , tn)i'5^^ itn)Y^^^ (tn, 0)Y^^^ (0, x^^ )] [t^f ^ (x^ , Xn)PnM^n 



while the higher order term in the multipole expansion of the momentum requires the 
operator 



0f^)(x) 



Q 



w, 



MXn)PnrWi^\xn,X^, 
yX^ , XfijifilpjiyXn) 



Y(^) (x~» , 0) (x^^Z?^ + 'd^^x^,)Y^^^ (0, x^ 



(3.30) 



From (3.28) we find C. 



(ICjia) 



-2 + 0{as) and cj^^^^ 



l + 0{a. 



In addition to subleading corrections to the leading order amplitudes, at subleading 
order additional processes - soft quark and n-coUinear antiquark emission - occur. In the 
standard SCET approach, these arise from subleading terms in the effective Lagrangian 
which directly couple the various sectors. In our formulation, the only coupling between 
the different sectors occurs via the external current ^f , ^^ these processes are also 
described in SCET by subleading operators O2 ■ 

Consider Fig. 1(a) where the gluon is ?i-collinear and the quark is soft. Expanding the 
amplitude (3.11) for these kinematics gives 



iMa 



-i<7r"S,(pi)^^^^^^^7^^rP^t;(p2)e;(g)4iT(Q;9,P2) + 0(A2) 
n ■ pi z 



(3.31) 



The amplitude is reproduced in SCET by the subleading operator 



O. 



(Idna) 



(x) 



r>oo 

-I I dt 



n^igGr{xn)Wi^^^\xn,x^ 



yW'"=(x-%to)v;.(tn)yi=^)(tn,o)r^^7.±ryi='^(o,xr) 



(3.32) 



The structure of (3.32) can be understood by generalizing the arguments that led to (3.8). 
The physical picture of (3.32) is shown in Fig. 4. The n-collinear gluon recoiling against 
the soft quark and n-collinear antiquark in an SU{3) adjoint looks like a gluon coupled 
to an adjoint Wilson line, giving the first factor in (3.32) and the picture Fig. 4(a). The 
n-collinear sector sees no difference between an antiquark recoiling against an n-collinear 
quark and recoiling against an n-collinear gluon and a soft quark in a relative fundamental 
state, so the third factor is unchanged from (3.8) and gives the picture Fig. 4(c). Finally, 
the soft sector has fundamental and anti-fundamental Wilson lines emitted by the current 
as usual, but then the fundamental emits a soft quark and becomes an adjoint Wilson line 



(the n-collinear gluon) as pictured in Fig. 4(b). From (3.31) we find C, 



(Idns) 



l + 0{as 
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# 



C.^^' 



(a) n-coUinear 



®' 




(b) soft 



(c) n-coUinear 



.(Id 



Figure 4: Oj " ^^ seen in each of the three sectors. The single and double dashed lines represent 
fundamental and adjoint Wilson lines respectively. 
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(a) n-coUinear 



(b) soft 
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\ 



\ 
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'% 



(c) 71-collinear 



(If - ) 
Figure 5: O2 ^"""' as seen in each of the three sectors. 



The situation is similar for emission of an n-collinear gluon recoiling against an n- 
collinear quark-antiquark pair. Expanding the amplitudes (3.11) and (3.12), we find the 
leading order terms cancel between the two diagrams, giving the amplitude 



iMnnn = igT°- €*^{q)u{pi] 

+0(A2) 



f7.±rP„ PnT^,4\ ,(p^)^.«(,^^)44)^^(g.^^ +^^^ 



n • pi 



n ■ p2 



(3.33) 



These terms are reproduced in SCET by the operators 



O. 



y^^nnn) f 



(•CO 

-I I dt 
'0 



Mxn + tn)T'^^-f^^TW^^\xn + tn,Xn)PnMxn)W.j^^^'^%Xn + tn,x^) 



yW^^(x-^o)yi«)^''(o,x-ol \nM^'''''i^n,xn)igGr{xn) 



(3.34) 



and 






Oy'""*'^(x) 



fOO 

-I I dt 



Mxn)Pnr-f^±^W^^\xn, Xn + tn)T'^^n{xn + in)T^i»)'^^(x^ + in, x^ 



yW'=''(C%o)yi")^''(o,co n,wi^''^{x^,xn)igGT{xn) 



(3.35) 



1(1/. 



0\ ■'"^"■' is illustrated in the three frames in Fig. 5. From (3.33) we find C2 



{ i-^nnn) 



-a 



y^Jnnn) 



-l + 0{as 
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(la„) 



i9T''A°''(n,5)P„r7xp| -igT- A"l'{n,g)^'r^^TPn 



(Itn) 



(ld„,) (g) 




(Ibfl) 




(Ibn) (g 




(Itn) 




Ti ■ q 2 




(1C„.,) (gf ' (ICfl.) 




^TDTOD^ 9. " 



n • q 2 n ■ q ^ n- q ^ 



(Idfl,) (S 




(le„„i,) (g 




(!/„„,) (g 




•^, 



■^, 



■^, 



,:gT''^:^A°''(n,5)^7„j.rP„ i9T"3^A"''(n,9)PBr7;,i| -igT''^^A-"-(n,q)^f^^TP„ -igT"^^ A°''(n, 9)Par7„^5 
n - pi 2 ^ ■ P2 2 ^ • Pi 2 " ■ P2 2 



(ia,)(gf' (i''.)(gC 




n ■ 9 




•gT"'z 9xPnrPs- „ 

n • 9 SPii 
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Figure 6: One-gluon Feynman rules for NLO dijet operators O^ ■ The notation is the same as 
Fig. 2. The rule for O2 ' has been split into two diagrams, depending on whether the gluon is 
emitted from the vertex or the Wilson line. 



There are an additional four operators, defined analogously to the above operators, 
that arise due to corresponding corrections to the n sector: 



0^^''^\x) 



MXn)twi^\^n,X^) 



y('\xT,o)y^'\o,x: 



.(3) 



Wk''\x^,Xn)ip±iXn)TPnMXn) 



(3.36) 



0i''^\x)= \Mxn)PnWJ,''\xn,x^)] IyJ^'^Hx^ % 0)Y^^\o , X 






Wi^\x^,Xn)rip^{Xn)^i'n{Xn) 



(3.37) 



0^^'^'\x) 



r'OO 

-I I dt 
/o 



Yji^^ (x^^ , 0)yi^) (0, tn)iZ?^ (t7l)yi=') (in, x', 

Wi^\x^,Xn)iD^^{Xn)rPnMXn) 



(3.38) 
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o. 



(Itins), 



x) 



roc 

-I I dt 
'o 



Mxn)PnWi^Hxn,x: 



n ) 



yi^) (x-% 0)r7.x |r%(=^) (0, in) v^, (tn)yi")^^(tn, x^O 



(3.39) 



These operators have the same matching coefficients as their n sector counterparts. The 
one-gluon Feynman rules for the operators O2 are shown in Fig. 6. Loop calculations 
still require a zero-bin subtraction [21], which serves to fix the double counting in the same 
way as the standard SCET. 

Thus, we have shown the primary result of our paper for e+e~ — )• dijet at 0{as): 0{X) 
SCET effects can be written as QCD fields coupled to Wilson lines, where each sector is 
decoupled into a separate SU{2>) gauge theory. The only expansion is in the current, and 
the subleading operators and physical pictures are generalizations of the 0{}P) operator 
(3.8) and physical picture Fig. 3. 



4. Heavy-to-Light Current 

A similar analysis may be carried out for B — t- Xg^ decay in the shape function region, 

1 - y ~ AQCD/J^fc ~ A^ (4.1) 

where y = lE-y/nH) is the scaled energy of the photon. In this region the light final-state 
hadrons are constrained to form a jet, and SCET is the appropriate EFT. The SCET 
analysis of this process has been carried out to O(A^) [13, 14, 22, 23]. In this section we 
present the operators up to 0(A) in order to show how the picture introduced in this paper 
matches the standard SCET results. The arguments are analogous to the dijet analysis. 
However, now there is only one collinear sector and one soft sector, and a copy of the 
Heavy Quark Effective Theory (HQET) Lagrangian is necessary. Again, the collinear and 
soft Lagrangian is not expanded in A and only the EFT current 



J, 



SCET 



-i^{n+{l—y)n)-x 



1 



'"'6 



(4.2) 



and the HQET Lagrangian are expanded in A. The phase in (4.2) corresponds to the re- 
moval of the large 6-quark momentum, mb{n^+n^)/2, and the outgoing photon momentum. 



E-yfi''. 



The relevant 0{as) graphs are in Fig. 7 and have amplitudes 



iM^ = igT^u{p)V- 



"^Pb-q 



-u{pb)f*a{qWcicu{mb,y]P + q + Pb) 



and 



iM^ = -igT'^uip) \ + ^"'^ Tu{pb)el{q)5^^Um,, y-p + q+p,) 
2p-q 



(4.3) 



(4.4) 
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^^ 



(a) (b) 

Figure 7: One-gluon contributions to the matching of the QCD vertex for B -^ Xg-f. The quark, 
gluon, and heavy quark momentum are p, q, and p^, respectively. 



in QCD. The amplitude expansions are similar to the dijet case. The collinear and heavy 
quark spinors are expanded using the Dirac Equation. The collinear quark is done in 
(3.13) and the heavy quark expansion is ti(pfe) = (l + 0(A^)) /ij,(A;)where h^ is an HQET 
heavy quark field satisfying {t/i + fi)/i„ = 2h^. As before, the QCD momentum conserving 
5 function, 

4cD("^fe'2/;P) = 2(5(m6-p-n))5(mb(l - y) - p ■ n) 5^'^'^ {p±) , (4.5) 

is expanded onto the SCET momentum conserving 5 function, 

4cD("^^„y;p) = 4cET(?"b,y;Pn,Ps) + • • • , (4.6) 

where 

SscET{mb,y;Pn,Ps) = 2 6{mb-pn ■ n)6{mb{l - y) - {Pn+Ps) ■ n)6^'^\pn,±) (4.7) 

and the higher moments are reproduced by higher orders of the SCET current (4.2). The 
residual b quark momentum fc^ ~ X'^nib is included in ps with the appropriate sign. Unlike 
in the dijet case, all components of the collinear momentum and the ps ■ n component of 
the soft momentum are constrained. The leading order expansion of (4.3) and (4.4) are 
reproduced by the operator 

0l^\x) = [Mx)PnTWi^\x,x^)\ [Y^^Hxt%Xs)K{xs)\ (4.8) 

with C^ = 1 + 0{as), which is similar to the leading order label SCET operator [1] 

jf) = e-*'?(^+(i-^)^)-^e"^^(x)H^i=^)(x,oo)ryf )(oo,x)/i„(x). (4.9) 

The difference between (4.8) and (4.9) are the use of four-component spinors for the 
collinear fields and the fields are at the positions 

X = {x ■ n,x ■ n,x-^) Xg ={0,x-n,0) 

{-oo,x-n,x-^) x?"" = (0,00,0). (4.10) 



„oo 



The positions are chosen to reproduce (4.7). 
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The 0(A) expansion of the amphtudes is done in the same way as in the previous 
section, so we omit the details. We find the following subleading operators: 



0i^-)(x) 



0f^)(x) 






or\x)=-i 



dt 



^n V-^n }Xs)riv\X 

Mx)Pni'D^^{x)rW^''\x,x^) 



(4.11) 



Y^^\x^%Xs + tn)il5>;{xs + tn)Yji^\xs + tn,x,)K( 



0^^(x) = -^ 



dt 



'n^igGT{x)W^^^''\x,x\ 



yW*'=(C% a:. + tn)i^s{xs + tn)T^^^,j:Y^^\xs + tn,Xs)K{xs) 

Mx)PnTWi,'^\x,xf)] \y^^\x'^%Xs) (D'ix±^ + X±fJD±) {Xs)K{Xs) 



These operators are the analogous dijet operators with only one collinear sector. The 
operators 0\^ '^"' ** have integration limits — oo and since the 6-quark is coming in from 
— oo (as opposed to the dijet case where the partons are outgoing to +cxd). The matching 



(lac,lbc,l<5s) 



■iilds) 



(Ic.) 



1 + Oias), CI""'' = -1 + 0{as) and C^'"'' = 2 + 0{a 



coefficients are C^ 

The formulation of SCET introduced in this paper must be equivalent to standard 
SCET formulations at subleading orders. For example, the soft quark operator Oj^ 
is reproduced by the time-ordered product of £L and the leading order current Jf^ of 
(2.8). A particularly simple example of a subleading standard SCET operator that can be 
re-written as one of our operators is the O(A^) label SCET current [6, 7] 



1 



j(2^) =^(x)^^— in-D{x)Wc{x,x'^) K{xs) + ..., 



in • D 
which is identical to the operator we find at O(A^) 



(4.12) 



O 



(2ac) 



J —oc 



-i rrib / dt 



'tpn{x)PnW^^\x, X + tn)in • D{x + tn)TW^\x + tn, 






^n y^n jXs)hv[Xs) 



(4.13) 



-,(2a, 



with C^ '^'^ = 1 + 0{as)- The ". . ." in (4.12) refer to other O(A^) terms. The equivalence 
between (4.12) and (4.13) can be shown using the relations [3, 6] 



^Wi'\x,xf) = wi^Hx,xf)^ 
m- U m ■ a 



and 



1 



in ■ d ' 
and the field redefinition (2.4). 



x) = —i I dt (j)[x + tn), 



(4.14) 
(4.15) 
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5. Conclusions 

We have demonstrated how SCET can be written as a theory of separate, decoupled sectors 
of QCD by exphcitly performing the matching of the external current at tree level in Os 
to subleading order in A for both dijet production and B — >• Xg'y. Interactions between 
different sectors are reproduced in SCET by Wilson lines. We believe this makes the SCET 
picture more transparent: instead of a complicated collinear Lagrangian that couples two- 
component collinear quarks to soft fields, the Lagrangian is just multiple QCD copies. The 
only expansion in A occurs in the currents, which are QCD fields coupled to Wilson lines 
that represent the colour flow of the other sectors. The subleading currents are generaliza- 
tions of the leading order currents akin to higher twist corrections to light-cone distribution 
functions. Corrections to leading-order factorizations theorems should be simpler since the 
manifest decoupling of sectors that occurred at leading order now exists to all orders. 
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